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1. (15%) Consider the model
y=XB+e

where X is an n X p matrix, B a p x 1 matrix, E(e) = 0 and
Var(e) = 0? V. Assume that V is known but not ¢2. Show that

(YVly -y VIXXVX)'X'Vy) /(n - p)
is an unbiased estimate of o2.

2. (25%) Consider the model
y=XB+e

where F(e) = 0 and Var(e) = o*I. Assume that o? is unknown.
State the Gauss-Markov Theorem and prove it.

3. (15%) Suppose we have a oneway ANOVA with five treatments.
Denote the treatment means by 64, ..., 05, where 6; is a control
and 0o, . . ., 05 are alternative new treatments, and assume that an
equal number of observations per treatment is taken. Consider the
four contrasts > a;0; defined by

a; = (17 —%7 _%17 _%7 _%) 3
ag = (07 17 _%7 _%7 _%) )
as = <O7O7 ]-7 ~3 __...;_) )

(a) Argue that the results of the four ¢ tests using these contrasts
can lead to conclusions about the ordering of 64, ..., 05. What
conclusions might be made?

(b) Show that any two contrasts > a;Y;. formed from the four a;s
in part (a) are uncorrelated.

4. (15%) Consider a 2572 fractional factorial design with design gen-
erators C' = AB,E = AD and F = BD.

(a) Find the complete design relation.
(b) What is the resolution of this design?
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(c) What is the resulting design if it projects into four factors which
1s not a word in the defining relation?

5. (15%) Suppose y is Ny(p, ), with
—4 3
2
p= and X = 1
—1 0
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(a) Find the correlation coefficient of y; and ys.
(b) Find the variance of y; + y3 — va.
(c) Prove that (y1,ys) and (ys, y4) are independent.

6. (15%) In an experiment to assess possible side effects of a new drug,
25 rabbits were treated with the drug. Four blood samples were
taken on each rabbit. The first blood sample was taken just before
treatment started, and additional blood samples were taken at the
end of each of the first 3 weeks of treatment. Measurements on the
levels of each of 3 substances were made on each blood sample.

(a) Consider a T test of the null hypothesis

Hy : (p10, poos 130) = (ki3, tos, p33)"

where g = (10, 20, 430)’ represents the mean levels of the 3
substances before treatment started and pg = (u13, pos, tas)’
represents the mean levels at the end of the third week of treat-
ment. Give a formula for an appropriate 77 test statistic. Iden-
tify any new notation that you introduce in your answer.

(b) Report degrees of freedom for the F-test corresponding to your
T? test in Part A.

(c) Consider using all of the data to test the null hypothesis of no
substance by time interaction. Report degrees of freedom for
the F'-test based on Wilk’s criterion.
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