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1. We say that an unbiased estimator 6 for 0 is asymptotically efficient if the ratio of variance
of # compared to the one that attains the Cramer-Rao lower bound tends to one when sample
size tends to infinity. Answer the following questions:

(a) If X1,X,...,X;, are i.i.d. normal r.v’s N(u,0?), where u and o2 are unknown, then the
sample variance S? is asymptotically efficient. (8 points)

(b) If X1,X5,...,X,, are i.i.d. binomial r.v’s B(1,p), then the estimator 7} = n(++1) >0 iX;
is not asymptotically efficient. (8 points)

2. Let Xi1,Xs,...,X, be i.id. r.v’s with continuous distribution F'(x). Let X),X(2),...,X(n)
be the order statistics. Answer the following questions:

(a) Find E(F(X()). (6 points)

(b) If k is fixed and n tends to infinity, find the limiting distribution of nF'(X()). (6 points)
(c) If k is not fixed but £ = p+ O(1/n), write down ,without proof, the limiting distribution
of F(X(x)). (6 points) '

3. Let X = (X1, Xa,..., X,) be a random sample from the distribution F(x). Answer the
following questions:

(a) If F(x) is N (a0, 0%), where o is a known number. Is the statistic T(X) = (X% Xi, Ty X7)
sufficient for o? Is the family of distribution of T'(X) complete? (6 points)

(b) If F(z) is N(u,0?). Is the statistic T(X) = X sufficient for (u,0?)? Is the family of
distribution of T'(X) complete? (6 points)

(c) If F(z)isU(6 — 1,0+ 1). Is the statistic T(X) = (MinX;, MazX;) sufficient for 67 Is
the family of distribution of T'(X) complete? (6 points)

4. From a box containing N balls marked 1 through N, M balls are drawn one after another
without replacement. Let X; denote the number on the i-th ball drawn, 1 = 1,2, ..., M.
Answer the following questions:

(a) Let Y = X(ar) be the largest observation. Find E(Y") and Var(Y). (6 points)

(b) If N is unknown and M is fixed, find the UM.V.U.E of N based on X;,i =1,2,..M. (6
points)

(c) If N is unknown and M is fixed, find the M.L.E.of N based on X;,i = 1,2,...,M. (6
points)

5. If X has p.d.f. fs, € ©, where {f4} has an Monotone Likelihood Ratio in T'(z). Answer

the following questions:
(a) Let 1 — 8 be the power of an MP size « test for the simple test H, : § = 0, against
H :0=040,0, € ©, where 0 < a < 1. Show that @ < 1 — ( unless fy, = fs,. (6 points)
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®(z) = 1,7,0 if T'(z) > t,,T(z) = t,,T(z) < t,, respectively, has a nondecreasing power
function. (6 points)
(c) The test in (b) is UMP of its size Ey, ®(z). (6 points)

6. Let X be an observation in the unit interval (0,1). Find an MP size 0 < o < 1/2 test of
H,: X has density f(z) =2z if0 <z <1/2,and =2 -2z if1/2 <z < 1, against H; : X
has density f(z) =1,0 < z < 1. Find the power of your test. (12 points)




