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(1)

Let X1y, X(2), - - , X(n) be the set of order statistics of independent rv’s Xy, Xs,- -+, X,
with common pdf, f(z) = Be 7, if x > 0;= 0, otherwise. Let Z; = nXqyy, 2y =
(n - 1)(X(2) - X(l)),Z(g) = (TL - 2)(X(3) - X(g)), ey Z(n) = (X(n) - X(n—l))~ Show
that (Z1, Zs, -, Z,) and (X1, X5, - -, X,,) are identically distributed.

Let X1, X, be independent N(u1,02) and N(ug, 02) 1v's, respectively. Also let Z =
Xicos?d + Xysindg and W = Xpcosd — Xysind, and let p denote the correlation
coefficient between Z and W. Show that 0 < p? < (5;_—‘7%)2

oy+o;

Let Xy, X5, ++, X, be a random sample from gamma distribution with pdf, f(y) =

1 a—1,-y/8 — Xn—aB oo
Fajpey ™€ ,0 <y < oo andlet Y, NS where X, is the sample mean.

Define the coefficient of skewness as a3 = u3/(u2)*? and the kurtosis as aq = pa/ i3,
where u; is the ith central moment of V,,. Find a3 and a4 of ¥, and comment on the

asymmetry and peakness of ¥ 's distribution.

Let © C R and {fs(Z) : 9 € O} be a class of pdf’s. Let ¢ be defined on ©, and let
T be an unbiased estimate of 9(99) with EyT? < oo, for all ¥ € ©. If ¥ # ¢, assume
that fy and f; are different and assume further that there exists a ¢ € © such that
9 # ¢ and S(9) = {f5(Z) > 0} D S(¢) = {f4(Z) > 0}. Prove that

p . [9(8) — YO)F
VaroTEN 2 commnasn Vara i) (D) Ve

Consider the problem of testing p = uo against p # yo in sampling X1, Xs,-++, X,

from N(u,0%), where both p and o? are unknown.

(a) Show that the likelihood ratio for testing Hy : u = pg against Hy : p # o is

n(X - .UO)_Q }—n/Z
?:1 (Xl - X)2 ’

where X = (X1, X, -+, Xy) and X is the sample mean.

MX) = {1+
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[image: image2.png](b) Use moment generating function to prove —2log M(X) converges in distribution

to a x2(k) random variable, also find the degree of freedom .
(6) Suppose X is one observation from a population with beta(«, 1) pdf.

(a) Is there a UMP test of Hy: 9 < 1vs. Hy : 9 > 17 If so, find it. If not, prove so.
(b) Sketch the power function of the test that rejects Hp if X > 1/2.
(7) Let U and V be independent Cauchy rv’s U ~ Cauchy(0, ¢} and V ~ Cauchy(0, 1),
that is fy(u) = %W,f‘/(v) = #m,—oo < u,v < 00,
(a) Find the pdfof Z=U + V.
(b) Use the result of (a) to find the pdf of Z where Z = L+ ¥, Z;, Zs are iid
Cauchy(0,1).

(8) Let Xy, Xa, -+, X, be iid rv’s with pdf f(;9),d = (9y,---,9,) € 2 C R", and let
T = (T, -, 1), T; = Ti(X1, -+, Xa),d = 1,2,---,7 be a sufficient statistic for
J. Assume 9 = (191, o.;9,Y is the unique MLE of 9. Let ¢ be defined on Q into
Q* C R™, and let it be one to one.

(a) Show that # is a function of T

(b) Show that ¢(d) is a MLE of ¢(&).
(9) Let X3, X5, -+, X, be iid rv’s with pdf given by f(z;9) = ﬁe"’”w, 3 € (0,00).

a) Find the distribution of Tp,(¢d) = &, where Y = =2, | X;|.
9 i=1

(b) Find the shortest confidence interval for ¥ based on T,,(¢9), with confidence level
(1-a).




