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Answer all the problems below. Each problem carries 10%. Here m*(A) denotes the

outer (Lebesgue) measure of A.

(1) Let f be the function defined on the unit interval (0,1) by

0 if z is irrational
f(=z) =

ifz = g in lowest terms

Qe

Show that f is not continuous at rational numbers but is continuous at irrational

numbers in (0,1) .

(2) (a) Show that if A C R is measurable, then for any € > 0, there is some open

set G and some closed set F' such that F C AC G and m*(G\ F) < e.

(b) Define m,(A) = sup{m(K) : K is a compact subset of A}. Show that if

A is measurable and m(A) < oo, then m,(A4) = m*(A).

(3) (a) State the Fatou’s lemma. Give an example of a sequence of functions (fr)

such that f, — f a.e. on (0, 1), but lim,_,, il T

(b) Let (gn) be a sequence of integrable positive functions which converges
a.e. to an integrable function g. Let (f,) be a sequence of measurable
functions which that |fu| < g» and f, converges to f a.e. Show that if

f g d:u' = limp 0 fgn d,u, then

[ rdn=lim [ fadp



(4) Let g be a positive, C* function with compact support defined on R, and
fag(z)dz =1. Forany f € LP(R) (1 <p < o0}, define

Fr9@) = [ flz-v)av)dy.
(a) Show that f * g = g* f on R, whenever one of them exists.

(b) Show that || f * gll, < || fll, for all f € LP(R). (Hence f*g € LP(R).)

Hint: Decompose g = g'/? + ¢*/9 and use Holder inequality.

(5) Let (X, M, p) be a finite measure space and f be a measurable function on X.

Set a, = [x | f|" dp.

(a) Show that al/™ converges to | f|lc-

(b) Show that *2£* also converges to 1 f1loo-

(6) Let p, v and X be o-finite measures. We say that v << p when v is absolutely
continuous with respect to pu. Let the Radon-Nikodym derivative of v with

respect to p be denoted by j—:.

(a) Show that if ¥ << p << A, then

dv dv du

A\ dpd\
(b) Show that if » << gt and p << v, then

dv  dp,
dp—(du) '

(7) Let Q2 be an open connected set in C, and f is analytic on 2. Show that if
{z€Q: f(z)=0} has alimit point in Q, then f =0.

Hint: Consider the Taylor series of f at the limit point.

(8) Let f be an entire function. If for all z € C, |f(2)] < C|z|", show that [ is a

polynomial of degree < n.



(9) Let a be a positive real number. Evaluate the improper integral
©  sinz
———dz .
/0 z(z? + a?) ’
(10) Let p > 0. Show that for n large enough, all the zeros of

1 1 1
fn(Z):].-}-;—l—ﬁ‘l—"‘—l‘nlzn

lie in the circle |z] < p.
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