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PhD qualifying exam, Fall 2005.

1. Consider f : [a,b] — R and define

T¢la,b] = sup {Z[f(xk_l) —flzp)lta=z0 <2< -+ < p_1 < Tp = b}.
k=1

Let BVia,b] = {f : Tf[a,b] < oo}, the space of bounded variations on [a, b].
Show that

(1) f € BV[a,b] = f is Lebesgue measurable.
(2) BVa,b] is a Banach space with norm

I1£l8v = I fllco + T¥la, b].

2. Let f: R — R be defined by

_ z z¢Q
f(x)—{psin(l/Q) z=p/q, (p,g)=1"

Where is f continuous?

3. Let £ C R be countable. Write E = {z, : n = 1,2,---}. Suppose that
>, Cn converges absolutely, and define

WA= cn, ACR.
€A

(1) Show that u is a well-defined set function on 2K.

(3) Find the Jordan decomposition of p.

)
(2) Show that u is a signed measure, on some suitable o—algebra in 2F.
)
(4) Characterize L} (R, |u|).

4. Let {f.} be a sequence of functions such that

1
1im/ If|f dz =0
0

n—oo

for some € > 0. Show that f, — 0 in measure.




