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Problem 1. Let r > —1 and ¢ be non-zero real numbers with r +t < 0. For every integer
n >0, let

n
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where e is the positive number such that —&-e® = e®. Prove that the sequence {an}52,

converges, and evaluate lim . (10 %)
00

Problem 2. Let (X, d) be a metric space. For any nonempty subsets A and B of X, let
d(A, B) =inf{d(z, y) : (z, y) € A x B}, and write d({z}, B) = d(z, B) for any z € X. Let
1* be an outer measure on X satisfying p*(AU B) = p*(A) + p*(B), whenever A and B are
nonempty subsets of X with d(4, B) > 0.

(a) Prove that if E is a subset of an open subset U of X with X — U # , then
Jim p"(En) = p™(E),
where E, = EN{z € X :d(z, X — U) > -1} for every integer n > 0.
(b) Prove that every open subset of X is p*-measurable. (15 %)

In problems 3 and 4, let (X, B, u) denote a measure space. A measurable real valued function
on X with respect to B will be called B-measurable. For any number p > 1, let LP(X, ) be

the set of B-measurable real valued functions f on X with || f|l, = { / |f[P dp}i/? < o0.
X

Problem 3. Let f € L}(X, p) be such that f(z) > 0 for all z € X. Prove that for any given
€ > 0 there is an A, € B with p{A.) < oo such that / fdu < g, where X — A, is the

€

complement of A, in X. (10 %)

Problem 4. For 1 < p < o0, let {f,}52; be a sequence in LP(X, 1) converging pointwise to
a B-measurable function f on X. Assume that for any given € > 0, there exist an A; € B
with p(Ae) < oo and a 6 > 0 such that

(1) / | falP du < € for all n, and
X—Ae

(i1) / |falP dit < € for all n whenever E € B with u(E) < 4.
E

Prove that f € LP(X, p) and lim ||fn — fl»=0. (15 %)
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In the following, let C denote the complex plane, and let A={z€ C : |z]| < 1}.

Problem 5. Let f be a complex valued function continuous on A and analytic on A, where
A is the closure of A. Assume that f maps A injectively onto a connected open set 2 D A.
Prove that if f(0) = 0, then |f'(0)| > 1. (10 %)

Problem 6. Let f be a complex valued function analytic on A with f/(0) # 0, and let n > 0
be an integer. Prove that there is a function g analytic on an open disk B centered at the
origin such that B C A and f(z?) = f(0) + {g(2)}™ for all z € B. (15 %)

Problem 7. Let @ = {2 € C:Imz > 0}, and let u be a real valued function defined on the
set IR of real numbers. Assume that v is continuous and bounded on IR. Let

1 [ u(t)lm z
= dt for all Q.
H(z) w/_oo (Rez — £)2 + (Im 2)2 oratze

Prove that H is harmonic on 2 with liIr% H(z) =u(t) for t € R. (15 %)

Problem 8. Let a and b be positive real numbers. Evaluate :

2
/ a0 - (10 %)
0

a2sin? § + b2 cos? 0





