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" PhD Qualifying Exam, Fall 2002.

Part I: Real analysis

1. Define f, : [0,1] = Rby fo =1, fu = /2 fu_1(x). Show that f,

converges uniformly on [0,1]. Hint: Caleulate f,, explicitly!

2. Let F C R = {x : 2 > 0}. Define

Fg:Zz:sgp{Zm:GgF, Gisfinite}.

reF z€G
Show that if Fy < oo, then F' is countable.

3. For {E,} a sequence of subsets of R, define
m By, = {x : = € infinitely many E,'s}.
Show that

(1) Tn Ea= () |J Bs

n2lk>n

(2) If " m*(Eq) < oo, then m*(im E,) = 0 (m*=Lebesgue outer
measure).

(3) If By is measurable for every n and m(Un»1E,) < 00, then
m(lim E,) > lim m(E,).

4. Let (X, M, u) be a measure space with (X)) =1. If fg: X — [0, o0}
are measurable and fg > 1, show that
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Hint: fY2¢12 > 1, integrate, - -.

5. Let (X, M, ) be a finite measure space and f be measurable. Set

((z,,, =[x |fI" dys. Show that alr S I flloo- Then use this show that
In41

an

— | filoo- Hint: Use Holder inequality “properly™.



[image: image2.png]6. Let (X, M, ;1) be a finite measure space. Let fau 1 X = R be measurable,
n=1,2,8,---. Show that there exists a, >0, n=1,2,3,--- such that

Z o fo ()

n=1

converges absolutely for jrra.e. x. Hint: Choose b, > 0 so that
1(En) = ] fu] > ba} < 1/2" Now consider lmE,.

Part II: Complex analysis
7. Find a 1-1 holomorphic map from the unit disc D = {z : 2| <1} on to
D\{z:x50}
8. Determine the number of solutions of
2:5 622+ 2z +1=0
ml<jz|<2.

9. Let f be analytic on D such that f(1/n) =

= m Find f.

10. Compute

1 -
/ +z dZ,
cl—ef

where C = {z: |z| = 8} is counter-clockwise oriented.




