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9:00 ~ 13:00, Feb. 21, 2002

Part I: Real Analysis

10 points for each problem.

(1) A real function f on R is said to be Borel measifuable if f~'(A) € B for all A € B, where B
is the o-field generated by all open subsets of R. Prove or disprave: Continuous functions are
Borel measurable.

{2) Let {gn} be a sequence of integrable positive functions which converges a.e. to an integrable
function g. Let {f.} be a sequence of measurable functions such that {f,| < g, and {f,}
converges to f a.e. Show that if

/ydu=,}igg0/gndn,
then
/fdp: lim

n-+00

[ ndu

(8) Let {f.} be a sequence of functions in L°(X). Prove that {f,} converges to f in L= if
and only if there is a set A of measure zero such that f,, converges to f uniformly on A

(4) State the Rigsz Representation Theorera for I?(R,m), where m is the Lebesgue measure,
and show that the function in the dual space is unique up to a set of measure zero.

{5) Let p be a signed measure on the measurable space (X, ). State the Hahn Decomposition
Theorem. Is the Hahn decomposition unigque?

(8) Give an example showing that for repeated integral,

[[tduav=[ [ ravay

need not be always true.



[image: image2.png]Part II : Complex Analysis
In the following, let C denote the complex plane, and let A= {z€ C : |z| < 1}.

Problem 1 Let u be a real valued function defined on a nonempty open set 2 C C. Assume
that u has continuous second partial derivatives on Q. If w is harmonic on §2, prove that the
first partial derivatives of u are also harmonic on . (8 %)

27 do
Problem 2 Let p be a real number with |p{ < 1. Evaluate : / 0 (8 %)
0

(1 +peosh)?

Problem 3 Let f be an entire function, and let u be the real part of f. If there is an integer
k > 0 such that lim z 7% - u(z) = 0, prove that f is a polynomial of degree < k. 8 %)
Py

Problem 4 Let f be a function analytic on A. Assume that there is an integer n > 0 such
that | f(2)| < |z|® for all z € A. If | f(™(0)| = n!, prove that there is a constant g with
| 2] =1 such that f(z) = uz" for all z € A, (8 %)

Problem 5 Let f: Ap ={z€ A : Imz > 0} — C be an injective function satisfying the
following conditions :

(i) f maps Ay onto itself.
ii is continuous on Ay and is analytic in the interior of A4 .
+ y +
(iii) f(z) is real whenever z is real.

Prove that f is uniquely determined by the value a = f(0), and write f explicitly in terms
of a. 8 %)




