PH.D QUALIFYING EXAM : REAL ANALYSIS 2019 FALL

1.(10%) Assume {f,} is a sequence of measurable functions on R"™. Does the in-
equality [p,(liminf f,)de < liminf [¢, fuda always hold ? Justify your result.

2.(15%) Given a measurable set A C [0,1] with |A] > 0. Let B = cos(A4) =
{cos(x),z € A}. Show that the measure of B is strictly less than the measure of
A, ie |B| < |Al.

3.(15%) Let A, B be two measurable subsets of R!. Define f(z) = [(4 — z) N B|.
Evaluate [, f(x).

4.(15%) Let E = [0,20]. Suppose {fn(z)} is a sequence of measurable functions
that converge to a function f(z) a.e. on E. Show that given ¢ > 0 and § > 0,
there exist a measurable set A C E and a natural number K such that |A| < ¢
and |fn(z) — f(z)| < e whenever n > K and x ¢ A.

5.(15%) Is it possible to construct a measurable function f : R — R such that
f e LP(R) for all p > 1 but f ¢ L>®(R) ? Show your result.

6.(15%) Suppose pu is a Borel measure on R™ and assume that there exists a con-
stant ¢ > 0 such that whenever a Borel set E satisfies |E| = ¢, then u(E) = c.
Show that u is absolutely continuous w.r.t Lebesgue measure.

7.(15%) Prove the generalized Holder inequality, i.e. suppose 1 < p; < oo for each

1<i<nand Y3, o =, show that [|fi - fullr < [[fillpy - [|fallp,-



