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Answer all the problems below in detail.

1. (20 points) Let f, — fin LP, 1 < p < oo and {g,} be a sequence of bounded measurable
functions and g, — g a.e. Show that

fngn — fg in  LP.

2. (20 points) Let A be a continuous linear transform of the Banach space X onto the Banach
space Y. Show that the image by A of the unit sphere in X contains a sphere about the origin
inY.

3. (20 points) Let x be an element in a normed vector space X. Show that there is a bounded
linear functional f on X such that f(x) = ||f]||||=||-

4. (20 points) Suppose {f,} is a sequence of measurable functions that converge to f a.e. on
a bounded measurable set E. Show that given 1 > 0 there is a subset A C F with m(A4) < n
such that

fo— f wuniformly on E\ A.

9. (20 points) Let f be a real-valued function on (—oo,00). Show that f is continuous if and
only if for each open set O C R, f~1[0] is an open set.



