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Do all the problems below in detail. Each problem carries 10%. Here m denotes the
Lebesgue measure.

(1) Let {gn, n = 1, 2, . . .} be a sequence of uniformly bounded real functions on R.
Suppose that fn → f in Lp and gn → g a.e.. Show that fngn → fg in Lp.

(2) Let [a, b] be a finite closed interval in R. Show that all C1 functions are of
bounded variation over [a, b].

(3) Let l∞ be the space of bounded sequence of real numbers and define ∥{an}∥∞ =
supn |an|. Show that l∞ equipped with the given norm is a Banach space.

(4) Let µ be a positive measure on a measurable space X. Suppose that f ∈
L1(X,µ). Prove that for each ϵ > 0, there is a δ > 0 such that

∫
E |f | dµ < ϵ

whenever µ(E) < δ.

(5) Let E = ∪∞
n=1An, An ⊂ An+1 for all n ≥ 1. Let f be a nonnegative integrable

function over E. Show that

lim
n→∞

∫
An

f dm =
∫
E
f dm.

(6) Let m∗ be the Lebesgue outer measure on R and E a measurable subset of R.
Show that for every ϵ > 0, there is a closed set F ⊂ E with m∗(E\F ) < ϵ.

(7) Let (X,F , µ) be a measure space and An, n = 1, 2 . . ., measurable sets. Prove
or disprove: µ(∪∞

n=1An) = limn→∞ µ(∪n
k=1Ak).

(8) Let (X,F , µ) be a measure space and g a nonnegative integrable function on X.
Set ν(E) =

∫
E g dµ. Show that ν is a measure on F .

(9) Let ν be as in (8) and f a nonnegative measurable function on X. Show that∫
E f dν =

∫
E fg dµ for E ∈ F .

(10) Let µ be a finite Baire measure on the real line. Show that its cumulative dis-
tribution function F is a monotone increasing bounded function which is continuous
on the right.
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