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(1) (a) Find the characteristic function of the density function f(x) = %e_m, z e R. (10%)
(b) Suppose ¥(t) = 2/(3¢" — 1), t € R, is the characteristic function of X. Find the
probability distribution of X. (10%)

(2) A fair coin is tossed repeatedly until three successive heads appear or three successive
tails appear. Suppose that the first two toss results are head. Find the probability that

three successive heads appear before three successive tails. (10%)

(3) Assume that {X,,},>0 is a sequence of random variables with E|X,,| < oo for all n. Let

Y, = X, + bX,,_1. If for each n,
E[Xni1 | Xo, X1,..., Xy] =aX,, — X,—1 almost surely,

find real values a and b such that {Y}, },,>1 is a martingale with respect to { X, }n>0. (10%)

(4) Let X and Y be independent and uniformly distributed over [0,1]. Compute the proba-
bility that g(t) =t> + Xt +Y >0 for all t € R. (15%)

(5) Let X be a nonnegative random variable with FX < co. Show that lim E[XIjx+,] =0,

n—oo

where Iy is the indicator function. (15%)

[e.9]
(6) Let {X,}n>1 and X be random variables. Show that if ZPr(|Xn —X|>1/n) < o0,

n=1
then the sequence {X,},>1 convergence almost surely to X. (15%)

(7) Let {X,, }n>1 be a sequence of independent random variables with EX,, = 0 and E|X,|? <

=\ E[X2] 1
0o. Show that if E ——" < 00, then lim — E X = 0 almost surely. (15%)
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