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(1) The Cauchy density is Cy(z) = £ 5%+, —00 < z < 00, for u > 0.

T ul4z??

(a) Show that Cy * Cy = Cupy, where (Cy * Cy)(y) = [0, Co(y — z)Cu(z)dz
is the convolution of C,, and C,.(8pts)

(b) Show that if X, Xs,---, X, are independent and have density C,, then
(X1 + X2+ -+ + X,,)/n has density C,, as well.(8pts)

(2) The triangular density is

fo) :{ 1= o] ifze(-1,1)

0 otherwise.

Find the characteristic function ¢(z) of the triangular distribution and show
the following inversion formula holds,

/ f(2)dz = lim — /T e — ™ L tydt.(16pts)
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(3) Let Sp, =) 0 Xi,n=1,2,---, where X,’s are iid random variables. Assume
sup;<y P(|Sy — Sj| > a) = ¢ < 1, show that

1
P(sup |S;| > 2a) < ——P(|Sn| > «).(12pts)
i<N l-c

(4) Assume X;'s are iid random variables with E(X,) = m,, E(X2) = ¢ and
E(Xp) =& < oo. Let S, =y i ; X;, show that

P(lim o _ m) = 1.(12pts)

n—oo 7

(5) If the X;’s are uncorrelated and their second moments have a common bound,
then S”_—f(sn—) — 0 a.e., where S, =Y ¢ ; X;.(13pts)

(6) Let X1, Xy, - be iid random variables with the distribution function F'(-) and
let M,, = Maz[X;, Xs, -+, Xy). Find the limiting distributions of

(a) M, — a tlogn, when F(z) =1— e **, z > 0.(8pts)

(b) naM,, when

—z7* ifz>1
Flz) = 1-z itz a
0 otherwise.(8pts)

(7) Consider a random walk on the integers such that P;;,; = p, FBj;_1 = g, for all
integer i (0<p<1l,p+¢g=1).



(a) Show that
2m 2m m_ m 2m-+1
By = p™q™,and Py = 0.(5pts)
m

(b) Show the generating function of u, = Fg, that is P(z) = > o u,z"
equals (1 — 4pgz?)~1/2.(5pts)

(c) Show that the generating function of the recurrence time from state 0 to
state 0 is F'(z) = 1 — /(1 — 4pgz?).(5pts)



