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(1) Let Ay, Ag,--- be an independent sequence of events in a probability space
(Q, F, P) and define the tail o-field 7 = N, 0(An, Ant1, - -). Prove that for
each event A in the tail o-field 7, P(A) is either 0 or 1.(12 %)

(2) Assume that Xj, Xy, -- are iid random variables with E(X;) = co. Prove
P(|X,] >0 io0.)=1.(12%)

(3) Suppose that A, B and C are positive, independent random variables with
distribution functions F. Show that the quadratic Az2 + Bz + ¢ has real zeros

with probability(12%)
k adf'(z)dF(y).
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(4) Suppose that X, Xs,--- are identically distributed (not necessary indepen-
dent). Show that E[maxy<n | Xk|] = o(n).(12%)

(5) Supposé that {X,,} is an independent sequence and E(X,) = 0. If > > Var(X,) <
o0, then >, X, converges with probability 1.(12%)

(6) Find the characteristic functions of the following density functions,

(@) fz)=1—|z|,-1 <z < 1;(6%)
(b) f(z) = =82 —00 < z < 00.(7%)
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(7) Let X1, Xz, - - be iid random variables with the distribution function F'(-) and
let M, = Maz[X;, X3, -, X,]. Find the limiting distributions of

(a) M, —a tlogn, when F(z) =1—e**;(7%)
(b) n&M,, when F(z) =1 —z2, if z > 1; = 0, otherwise.(7%)

(8) Consider a discrete time Markov chain with states 0,1 and the transition

pP— DPoo Po1 _ l—a a
Pio P11 b 1-b

(a) Prove for n > 1 (7%)

1 b a (1—a¥b)n a —a
PT = —— :
a+b(ba)+ a+b <—b b)

(b) Find the stationary distribution of the chain if it exists.(6%)
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