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(1) [10%)] Let p > 1. Prove or disprove: E[|X|P] < oo implies E[|X —alP] < co
for every a.

(2) [15%)] Let f be a bounded uniformly continuous function in R. Show
that X, — 0 in probability implies F[f(X,)] — f(0).

(3) [15%)] Show that if X7, ..., X, are independent and uniformly distributed
on (—1,1) then for n > 2, X; + ...+ X, has density

fla) =+ I (%Iz)ncos(xt) .

v

(4) [15%)] Let {X,,,n > 1} be a sequence of i.i.d. random variables taking the
oo Xn

values &1 with equal probability. Show that the series 3°;2, =» converges

almost surely.

(5) [15%)] Let ¢ be a positive constant. Show that E[|X|] < co if and only if

> Pr(|X| > cn) < oo.

n=1

(6) Let {X,} be a stationary Markov chain with state space {a,b,c} and

transition matrix

1/3 2/3 0
1/2 1/2 0
1/4 1/4 1/2

(a) [7%)] Classify the recurrent and transient states.
(b) [8%] Find a stationary distribution of the chain if it exists.

(7) Let (2, F, Pr) be a probability space and {F,} be an increasing sequence
of sub-o-algebras of F. Suppose that Y is a random variable with finite
second moment. Let X,, = E[Y|F,], n=1,2,3,....

(a) [7%)] Show that X,, is a martingale w.r.t. {F,} .

(b) [8%] Show that E[|X,|*] < co for alln =1,2,3,....




