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. Let the random variables { X, } be uniformly bounded, that is, there is a constant
M such that X, < M, ae, Vn = 1,2,.... Prove that if lim,_oo X, = X ae.,
then im0 B(X,) = B(X). (10%)

. Let {X,.} be a sequence of independent random variables with P(X, = %) =
P(X, =~1)=1 Prove that 3 X, converges a.e. (10%)

. Let {X,} be a sequence of independent random variables with EX; = y; and
Var(X;) = 02 # 0, Vi = 1,2,.... Alsolet s2 =37 o? Prove that if {X,} is
uniformly bounded and s2 ~» oo, then ﬁ S 1 (Xi— ) converges in distribution
to N(0,1). (10%)

. Let {X,} be a sequence of random variables which converges in probability to
the random variable X. Prove that there exists a subsequence {X,.} C {X,}
which converges to X a.e. (10%)

. (i) Show that if X is a positive random variable, then

E(X) = [{°P(X > z)dz = [[° P(X > z)dz (10%)
(ii) Show that if {X,} is a sequence of identically distributed random variables
with B(|X1]) < o0, then limp_o 1 E(max;<jcn |X;]) = 0. (10%)

. If f is the characteristic function of X, and limyg 1_t’;t = "2—2 < o, then B(X?) =
a2, (10%)

. Consider a sequence of Bernoulli trials X;, X3, X3, ..., where X, = 1 or 0. Assume
P{X, =1|X1,Xa,...; Xn1} > @ > 0,n=1,2,.... Prove that .

(i) P{X,=1forsomen}=1, (5%)
(i) P{X, =1 infinitely often} = 1. (10 %)

. Let X(t) be a pure birth continuous time Markov chain. Assume that
P{an event happens in (¢,t + h)| X (t) = odd} = A1k + o(h),

P{an event happens in (¢,t -+ h)| X (t) = even} = Mk + ofh),
where o(k)/h — 0 as h | 0. Take X(0) = 0. Find the probabilities P;(t) =
P{X(t) = odd}, and P»(t) = P{X(t) = even}. (15%)




