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Let X,Y,X,,Ys n=1,2,..., be random variables on some probability space (Q,F, Pr).
(1) (a) {10%)] Show that

Pr(X| 2 n) < BIX < 1+ 3. Pr(X| 2 n).
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(b) [5%)] For any r > 1, E[|X|] < oo if and only if

ST Pr(|X| = n) < oo.

n=1

(2) [10%) Suppose that X, — X and Y, — Y both in probability. Prove or disprove:
Xa+ Y, — X +Y in probability.

(3) {10%]| Let Z, have the binomial distribution with parameter (n, p,), i.e., Pr(Z, = k) =
CrpE(1—pa)* %,k =0,1,2,...,n. Find the limiting distribution of Z,, in the limit np, — A > 0.

{4) [10%)] Let X and Y be i.i.d. Prove or disprove: Pr(¥X > a) = Pr(X > a), Va € R.

(5) [15%)] Let {Xn}32, beiid. with Pr(X; =1)= Pr(X; =—1)=1. Let
S, =n"Y23y"_ X,. Find lim, ..., Pr(—1 < S, < 1).

(6) Let X be a random variable satisfying Pr(X <z)=0forz <0and =1—e"" forz > 0.
(a) [5%] Find the density of X2.
(b) [10%] Let Xg, k£ = 1,2,...,n, be i.i.d. each having the same distribution as X. Give
explicitly the density for X; + Xp + -+ + X,,. :

(7) Consider a stationary Markov chain {X,} with state space {1,2,3,4,5} and transition
probability matrix
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(i) [8%] Classify the states as transient, positive recurrent, or null recurrent.
(ii) [6%] Find all irreducible classes.
(iii) [5%)] Find an invariant distribution 7.




