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If you think that a problem has been stated incorrectly, mention this to the proctor and
indicate your interpretation in your solution. In such cases, do not interpret the problem in
such a way that it becomes trivial.

1. The Maximun and Minimun Principle

(a) [10 points] Let u € C2(Q) N C°(Q) with Au = 0 in €, where © is a bounded
domain in R?. Prove that

infu < u(z) < supuy, T €
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(b) [10 points] Let v;; is an approximated solution to by the discrete five-point
Laplacian A, = §2 + 55 with regular mesh & = h, = h,. Prove that the minimun
(maximun) value of v is attained on the boundary.

2. [15 points] Let t,(f”) be the nodes, ordered monotonically, of the (2n)-point Gauss-
Legendre quadrature rule and w,(f") the associated weights. Show that
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3. [15 points] Let f € C*[a,d] and

A 0=y =2 < <3< < Tpoy < Ty =Ty, = b,

in which the endpoints are double knots. Prove that for any function g € C?[a, b] that
interpolates f on A', there holds
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with equality if and only if g(-) = Scompl(ﬂ -), where Scompl(ﬁ -) is the complete
cubic spline interpolant of f on A'.

4. [20 points] Consider the model problem

~Au=Ff in Q,
u=4_0 on 99,

where f € L?(Q) and Q is a domain in R*. Prove that the solutions (u,p) € H{(Q) x
(L2(Q2))" of the mixed formulations,

/p~qdz—/q-Vudx = 0, Vq e (LHQ),
Q Q

-/p'Vvdx = ~/fvdz Vv e Hy(Q),
o Q
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inf sup L(q,v),
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where
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. [15 points] The equation
du  u
Errd
is approximated at the point (ih, jk) by the difference equation
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Show that the truncation error at (ik, jk) is given by
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Hence find the value of # that will reduce this error to one of the order k2 and A%
. [15 points] Consider the initial-value problem
y =z -z y(0) =0.
Suppose we use Euler’s method with stepsize h to compute approximate values 7{z;; k)

for y(z;), z; = jh. Find an explicit formulas for 7(z;; h) and e(zj; h) = n(zj; h) —y(z,),
and show that e(z; h), for  fixed, goes to zero as h = z/n —» 0.




