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Qualifying Examination

Matrix Theory
Feb. 14, 1995
8:30 - 14:30.

Answer all of the following questions. Nine questions with marks
indicated. Using calculator may be allowed.

1. (5) Describe the Courant-Fische theorem, i.e., the theorem of variational
characterizations for eigenvalues of Hermitian matrices.

2. (5) Describe the singular value decomposition for a real matrix.

3. (5) Let X,Y € R", and Y7X # —1. Show B~ = I — gy XY7, where
the matrix B = I + XY7T and I is the unity matrix.

4. (10) Let A € R™*". Prove
FU1AlL + l14lleo) < val|AllF,

where ||A]ly = maz; TL, laisl,  [Alle = mazi X7 lail, and [|Allr =

VZis

5. (10) Let A € R™*". Prove ||All; < ||Allr £ v/n||Alls, where A € R™*™
and ||A||, is the 2-norm of A.

6. (15) Let A€ O™, Y € C™, ¢ € C, and the Hermitian matrix
| AY
s 1) 0

Prove the condition numbers have the bounds: Cons.(A) < Cony.(B), where
Cony.(A) = [1A[lo]| A7 f2. '

7. (10) Write the QR decomposition of the matrix
11 1
A=12 -1 -1 . )
2 -4 5

8. (15) Determine the eigenvalues and eigenvectors of A for both a = 0 and
@ > 0. Observe the behavior as a — 0
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[image: image2.png]9. (25). Let the matrix A € R™*", m > n and
An A
A=
( An Axn ) )

where A;; € R™", Rank(A1n1) = r < n, and Rank(A) < n. Give an algo-
rithm to seek a solution z € RB™ such that

minA11$1+-412$2=b1 ”A:E - b||27 (5)

=(2) () g

and z; E R, zy € B*7", by € R, and by € R™".

where
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