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Functional Analysis

Ph.D. Qualifying Exam (February, 2002)

Use the Riesz representation theorem to prove that
every bounded linear functional f on a subspace of
the Hilbert space H has a norm-preserving extension
to H. (10%)

Is such an extension of f unique? Either prove it or
give a counterexample. (10%)

Give a complete statement of the uniform boundedness

principle (for operators on normed spaces). (5%)
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whenever Zn=1 Ianl < 00, then Zn=1,bnl oo, (10%)

Use this principle to prove that if 2 Ianbn,<00

Generalize (b) to the context of ¢-finite measure
space and briefly indicate in this case how the
proof goes. (5%)

Let K be a convex subset of a vector space X. Give
the definition of the extreme point of K. (5%)

Let ﬂl be the Banach space of sequences x = (xl, Xy
.-.) with norm [x|); = Zf;illxnl. Find all the extreme

points of the convex set K = {xeﬁl : Hxlhéél}. (5%)

Prove that the set K in (b) equals the norm closure
of the convex hull of its extreme points. (5%)

Explain why the assertion in (c) does not follow from
the Krein-Milman theorem. (5%)
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Use the geometric series to prove that if ”x-l"(l,
then x is invertible. What is the inverse of x? (10%)

Use (a) to prove that the set G of invertible elements
in @ is open and the mapping x—>x ' on G is conti-
nuous. (10%)

Let A be the operator defined on 22 by

A(xo, Xir Xy ...) = (0, a;¥xg, 85Xy, azx,, cee)e

Prove that if lim, = 0, then A is compact. (10%)

n>0e%n
Determine all the eigenvalues and also the spectrum
of the operator A in (a). (10%)




