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PhD Qualifying Exam, Fall 2001

Give the correct statements for the following theorems:

. Principle of uniform boundedness.

Hahn-Banach theorem (in analytic or geometric forms).
The closed graph theorem.
Alaoglu theorem. (on the weak-star topology)

Riesz representation theorem for Hilbert space.

Let X be a normed linear space. Prove that if X' is seperable, then so is
X.

Let X be a normed linear space and T : X — X be linear. Show that T
is normed continuous iff 7' is weakly continuous. (T is weakly continuous
if T is continuous with respect to the weak topology on X.)

. A normed linear space X is said to be strictly conves if, given z,y € X,

lz + yll = llz]| + ll¥]l only if & and y are linearly independent. Show that
if 1 < p < oo, then [P is strictly convex.

. Prove or disprove: Every orthonormal set in a seperable Hilbert space

converges weakly to 0.

. Consider the space of analytic functions on the unit disk

D ={z:|z| < 1} defined by

{f € Hol(D) : f(z) = Zanz", Z|anl2 < oo}.

We call this space H2. 1t is a fact that H? is a Hilbert space with inner
product {f, g} = 3 @nbn, where f(2) =Y anz" and g(2) = 32 bnz™.

. Show that given |a| < 1, the linear functional k, on H 2 defined by

ko(f) = f(a) is continuous.

. Does there exist a g in H? such that k.(f) = (f, g for all f? If yes, find

such g.




