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Answer any five of the following nine questions.

1. Let N be a normed space and f a non-zero linear functional defined on
N. Prove that the following are equivalent. ;

(a) f is norm continuous on N.
(b) f is norm continuous at 0.
)

(c) f is bounded on the unit ball of N.
(d) The kernel {z € N : f(z) =0} of f is closed in N.

2. Let E and F be normed spaces.

(a) Recall that a series Y .o, Zn in E is said to be absolutely conver-
gent if Y%, [jza]] < co. Prove that £ is complete if and only if
all absolutely convergent series in E is convergent in E.

(b) Let B(E, F) be the space of all bounded linear operators from E
into F' and equipped with the operator norm. Prove that B (E,F)
is complete if and only if F' is complete.

3. Let E be a Banach space.

{a) Suppose that A is a dense subset of E. Prove that for all z in E
we can write ¢ as the sum of at most countably many elements of

A.

(b) Suppose that T is a non-expansive function from E into E, ie.
Tz — Tyl < |lz — yl,Vz,y € E. Prove that T has a fixed point
o in E, Le. Txo = Zo-



[image: image2.png]. Let K be a nonempty compact convex subset of a complex Hilbert
space H. Prove that for any = in H there is a unique p(z) in K such
that

llz — plx)| = inf{llz — &l - k € K}.

Does z ~+ p(z) define a continuous function from H into H?

. Let S ={h € H : ||hj| = 1} be the unit sphere of a Hilbert space H.
Prove that S is norm compact if and only if H is of finite dimension.
What can one say if S is compact in the weak topology of H?

. Prove that a Banach space E cannot have countable vector space di-
mension. (Hint: Write E = U2, E, where E, is a vector subspace of
E of finite dimension and then apply Baire category theorem.)

. Prove that if the weak topology of a Banach space E is metrizable then
E is of finite dimension. (Hint: A locally convex topology is metrizable
if and only if it has a countable basis at Z€10. )

. Let N be a normal operator on a Hilbert space H. Show that the range
of N is closed if and only if 0 is an isolated point of the spectrum o(N)
of N. (Hint: Apply Spectral Theorem.)

. Let B(H) be the space of all bounded linear operators from a complex
Hilbert space H into itself. Let T be a self-adjoint compact operator
in B(H) of infinite rank.

(a) What can one say about the spectrum o(T) of T? Verify your
assertions.

{b) Let C*(T") be the norm closure of all polynomials in T in B(H).
Prove that C*(T) is isometrically isomorphic to the space ¢o of
null scalar sequences equipped with the sup norm as C*-algebras.
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