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Ph. D. Qualifying Examination

(February, 1996)

Functional Analysis

Give complete statements of the Open Mapping Theorem
and the Closed Graph Theorem.

Use the Closed Graph Theorem to prove the Open Mapping
Theorem.

Use the Open Mapping Theorem to prove that a compact
operator on a Banach space with closed range must be

of finite rank.

Give a complete statement of the Uniform Boundedness
Principle.

Use this Principle to prove the following:

If {Tn} is a sequence of bounded operators on a
Banach space X with the property that for every x in X
T X converges in norm, then lim T X actually defines a

bounded operator on X.

Prove that ||T][€1lim inf ”Tn" for the operators T and T
in (b).

According to the Hahn~Banach theorem, every bounded linear

functional f on a linear manifold X of a normed space Y

can be extended to a bounded linear functional on Y which

preserves the norm.

(a)

(b)

Prove that such an extension is unique if X is a (closed)
subspace of Hilbert space Y.

Prove that there are uncountably many such extensions

for the bounded linear functional f defined by

f(xo, X4 ...} = lim X, on the subspace X = {(xo, Xy cea)t
X, € € and lim X, exists} of the Banach space Y =

{(x0+-A, Xy, x2+~A, Xq, I xn,A & € and lim Xy exists}.
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Let
(a)
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Use (one version of) the separation theorem to prove

the following:

If A is a convex subset of a normed space, then

the norm closure and weak closure of A coincide.

Let X be a normed space and § = {xe X : fx} = 1}. use
the result in (a) to determine the weak closure of S.

Give a complete statement of Alaoglu's theorem. Explain
any special terminology which appears in your statement.
Use Alaoglu's theorem to prove that every Banach space
is isometrically isomorphic to a closed subspace of C(X)
for some compact Hausdorff space X.

Use Alaoglu's theorem to prove that if H is a Hilbert
space, then {T ¢B(H) : )< 1} is compact in the weak
operator topology.

Write down everything you know about the spectral
properties (spectrum, multiplicity etec.) of compact
operators on a Banach space.

Show that the operator T defined on 12 by

1 1 1

T(xo, X X ...) = (0, 5 Xgr F X0 7 X vel)

1" =27

is compact.

Use the properties in (a) to determine the eigenvalues
and spectrum of T in (b).

{l be a Banach algebra with identity and aeQ .

If £ is a function analytic on a neighborhood of o(a),
prove that g"(f(a)) = f(o(a)).

If T is the operator defined by T(x) = ax for x in (1,
find the relation between the spectra of T and a.

Prove your assertion.
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Give a complete statement of the Gelfand-Naimark-
Segal construction for a C*— algebra with identity.
Explain any special terminology which appears in
your statement.

Use the above construction to prove that every

C*— algebra with identity is *-isomorphic to a

C*— subalgebra of @B (H) for some Hilbert space H.




