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Ph. D. Qualifying Examination

Functional Analysis

Note: There is a total of 120 points.

(15%) 1.
(15%) 2.
(15%) 3.

(a)

(b)

(c)

(a)

(b)

(c)

(a)

(b)

(c)

Give complete statements of the Open Mapping Theorem and

the Closed Graph Theorem. (5%)

Use the Open Mapping Theorem to prove the Closed Graph
Theorem. (5%)

Use the Closed Graph Theorem to prove the following:

Let (X,J41, u) be a pg-finite measure space. If ¢ : X—3>C
is a measurable function satisfying the condition that ¢f

is in Lz(u) whenever f is in L2(u), then the mapping Tf =¢f
for £ in Lz(u) is a bounded linear operator on L2(u). (5%)

Give a complete statement of the Krein-Milman theorem.
Explain any special terminology which appears in your
statement. (5%)

Prove that the unit ball {xecj : Jx)|<1} of the Banach
space cg has no extreme point. (5%)

Use (a) and (b) to show that Sy

isomorphic to the dual of any Banach space. (5%)

is not isometrically

Let a and b be elements of a Banach algebra with identity.
Find the relation(s) of the two spectra ¢(ab) and g(ba). (5%)
Use the relation(s) in (a) to prove that in any Banach
algebra with identity there are no elements a and b
satisfying ab - ba = 1. (5%)

It follows from (b) that there are no bounded linear
operators A and B on a Hilbert space such that AB - BA = 1.
However, there do exist unbounded linear operators A and B
satisfying AB - BA & 1. Give such a pair of operators on
1?0, 1). (5%)
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(30%) 6.

Let QJQAB be Banach algebras with a common identity, and let

ae Q.

(a) Prove that O'ﬁ(a) < Q'a(a) and AGa(a) < dogla). (5%)

(b) Give an example of Banach algebras QE%B and a¢(] for which
U@(a) $ Cqla). (5%) . )

(c) Prove that o{B(a) = o-a(a) if Q_gog are C -algebras and ae(}.
(5%)

(a) Let L2(0, 1) be the L2 space of the Lebesgue measure on
(0, 1), and let A : L2(0, 1)———>L2(0, 1) be the operator
(Af) (x) = xf(x) for £ in L2(0, 1) and x in (0, 1). Prove
that A is unitarily equivalent to A2. (5%)

(b) Let LZ(D) be the L2 space of the (planar) Lebesgue measure
onD = {zec€ : |z|l« 1}, and let B : LZ(ID)-——>L2(JD) be the
operator (Bf) (z) = zf(z) for £ in L2(D) and z in D. Prove
that B is not unitarily equivalent to B2. (5%)

Let S denote the unilateral shift on 1?:

S(xo, X1 Xy ..o0) = (0, Rgr Xqr Xgy e}

(a) Find o (S), the spectrum of S. (5%)

{(b) Find cé(s), the essential spectrum of S. (5%)

(c) Find the value of the index of § - zI for any z not in cé(s).
(5%)

(d) Prove that the C*—algebra generated by S and 1 contains

(e)

(£)

all the compact operators on ﬂ?. (5%)

Prove that the quotient C*(S)/K is an abelian C*—algebra,
where C*(S) denotes the C*-algebra generated by S and 1,
and K denotes the ideal of compact operators on L2. (5%)
Use (b) to prove that C*(S)/K is *-isomorphic to C(yDb),
where D denotes the open unit disc in the complex plane.
(5%)
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X—>C be

linear functionals.

(a)

(b)

(c)

(a)

Prove that ker f = ker g if and only if f
A#* 0 in C. (5%)

What are the possible dimensions of the quotient space
X/ker £ 2 (5%)

Assume that X is a normed space. Use the results in (a)

Ag for some

and (b) to prove that f is continuous if and only if ker f
is closed. (5%)

Give an example of a linear functional f :,12-——>C which
is not continuous. (5%)




