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1. (10%) The vertices of the graph O, are the k-element subsets of {1,2,...,2k+1}.

Two vertices are adjacent if and only if they are disjoint sets. Prove that the girth of

O, 1s61f k>3. (D.B.West, 1.1.28)

2. (10%) Show that the center of a tree is a vertex or an edge.

3. (10%) Show that an X, Y-bigraph G has a matching that saturates X if and only if

IN(S)|=|$| forall S ¢ X.

4. (10%) Show that ¥(GUH)=max{y(G), y(H)}, where GOH is the cartesian

product of graphs G and HA.
5. (15%) State and prove Brooks’ theorem.

6. (15%) For the following three statements answer either True or False depending
upon whether the statement is either true or false. If the statement is true, prove the
correctness without relying on any lemmas and theorems. If the statement is false,

give a counterexample.
In all of the statements G =(V,E) is an undirected weighted graph with edge weights

w(e). You should also assume that |V |>2.

e is a minimum weight edge in G if w(e) = min__. w(e').

e is a maximum weight edge in G if w(e) = max ., w(e").

The notation e T denotes that edge e is one of the edges intree 7.
(a) True / False
Let e be a minimum weight edge in G. Then there exists some minimum
spanning tree 7' for G suchthat eeT.
(b) True / False
Let e be a minimum weight edgein G. Let T be any arbitrary minimum
spanning tree for G . Then it always correct that eeT .

(c) True / False
Let G be acomplete graph. Let e be a maximum weight edge in G. Then

there exists some minimum spanning tree 7 for G suchthat eeT.




[image: image2.png]7. (10%) Show that for every # there is a finite triangle-free graph with chromatic
number 7.

8. (20%) (a) Let G be a 2-edge-connected n-vertex simple planar graph with girth k. Prove
k(n-2)
k-2

that G has at most edges. (D. B. West 6.1.30)

(b) Use (a) to prove that the Petersen graph is nonplanar..




