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1. (15%) Suppose n > 2. Prove that a sequence (dy,do, ..., d,) of positive integers is the
degree sequence of a tree if and only if f: d; =2n — 2.
=
2. (15%) Suppose G is a graph of n vertices, in which vertices z and y are two non-

adjacent vertices satisfying degy(2) 4+ dega(y) > n. Prove that G has a Hamiltonian
cycle if and only if G + zy has a Hamiltonian cycle.

3. (15%) Suppose G = (V, E) is a 2-connected graph of n vertices, which is neither C,
nor K,. Prove that V has an ordering vy, vs,...,v, such that viv, € E, vyv, € F,
v1vy € E and for each 1 < ¢ < n — 1 there is some j > ¢ with v;v; € E. Use this
assertion to prove Brooks’ theorem, namely, if G is a connected graph that neither

complete nor an odd cycle, then x(G) < A(G).
4. (15%) Prove that a cubic graph has a 3-flow if and only if it is bipartite.
5. (10%) Evaluate the sum 1 + 2(7;) +...+(k+ 1)(2) +...+(n+ 1)(:)

6. (15%) Find a recursive relation for a,, the number of ways to place parentheses to

multiply the n numbers z; X z2 X 23 X T4 X ... X z, on a calculator. Solve for a,

using generating functions.

7. (15%) Suppose Aj, Ay, ..., A, are n sets. Let S denote the sum of the sizes of all

k-tuple intersections of the A;s, i.e.,

Sk = 3 |4 N0 Ay,
1< <...<np<n
Prove that the number Ny, of elements in exactly m sets of the Ass is given by the
formula N, = 3 (—1)’°_"‘( )Sk.
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