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1. Solve the Cauchy problem

{ kg + Yuitly = —1Y (15 points)

u=5 on xzy=1(z>0).

2. Solve

ur(z,t) = Kuge(x,t) + Fz,t), 0<z<{, t>0
u(z,0) = f(z), O0<z</
u(0,t) =u(l,t) =0, t>0,

where f and F are given sufficient smooth functions. (15 points)

3. Let u(z) € C?(2) N C°(Q) be a solution of
A+ Z a(2) g, + c(x)u =0,

where ¢(x) < 0 in 2. Show that u = 0 on 92 implies u = 0 in Q. (15 points)

4. Suppose that
o =ftx), a(r)=¢,
where f € C(D C R x R,R); D is an open connected set.

Give a sufficient condition for the existence of the local solution of the
above differential equation. Prove your statement. (15 points)

5. (a) Show that the system of differential equations

d x(t) 0 1 0| [=(t)
2 (YO =12 0 0p y(t)
z(t) 0 0 3| |=2(¢)



has a solution which tends to co as ¢ — —oo and tends to the origin as
t — +o00. (10 points)
(b) Consider the system of differential equations

(fovea-sy
P =—r+y(l—a*—y?).

Show that for any zy and yg, there is a unique solution (z(t),y(t)) defined
for all ¢ € R such that x(0) = z9, y(0) = yo. (10 points)

6. Discuss the stability of the zero solution of the following two systems.
(a)

¥ =e "W ] .
{ Y = —a(l— y)? (10 points)

v { v = \x — zy?

J = 222y , (10 points)

where A € R is a parameter.

7. (a) Find all eigenvalues and eigenfunctions for the problem

{ —u"(x) = du(z), 0<z<U{, (10 points)

uw'(0) =u'(¢) = 0.
(b) Show that every solution of the Hermite differential equation
y" — 2xy + 2ay = 0(a > 0)

has at most finitely many zeros in R. (10 points)
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