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Each problem carries 20%.

1. Let D be an open set in Rx R™*! with an element of D written as (t,z), and f : D — R™
be a continuous function. Consider the following differential equation

{w'@) = f(t,z(t))

.’IJ(to) = Zo.

(1)

(a) For any (to,zo) € D there is at least one solution of (1) passing through (¢g,z)-
Outline the steps of its proof.

(b) If, in addition, f(¢,z) is locally lipschotzian with respect to = in D, then prove
that for any (to,z¢) in D, there exists a unique solution z(t, to, zo) of (1) passing
through (%o, o).

2. (a) Find the general solution of

-2 3 4
aX(t) = AX(t), where A= 0 -1 —-1]. (2)
dt 0 1 -1

0
(b) Does every solution Y (¢) of equation (2) satisfy : tlim Y(it) = 0) ? Why ?
—00
0
3. Consider the following Predator-Prey system

d:r;

dt 2(v(1 __)—a+m)
dy me 3
%:(a+x_d)y’ ©)

z(0) > 0,y(0) > 0,

where v, K, m, a and d are positive constants. Find all equilibrium points with nonneg-
ative components and do each stability analysis respectively

4. (a) Let Q be a bounded, open, and connected set in R". If u € C%(Q) N C°%Q) and
Au > 0 in 2, then state the Maximum Principle.

(b) Let u be a solution of
Au=u?—u (4)
on a bounded domain Q. Assume that v = 0 on 02. Show that v € [-1,1]
throughout 2. Can the value £1 be achieved ?
5. Let f € C?(R) and g € C'(R). Prove that the solution of the initial value problem

{utt(a:,t) — Uz (z,t) =0for z € R, t >0, %)

uw(z,0) = f(z),u(z,0) = g(z), = € R,

is given by u(z,t) = 3{f(z+t) + f(z —t)} + 3 fa:+t



