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Each problem carries 20%.

1. (a) State the Peano Existence Theorem and outline the steps of its proof.
(b)Show that there exists no nontrivial solution of the equation

v’ +g(z)u =0 (q(z) < 0)

can have more than one zero.
(HInt: You can apply the Sturm Comparison Theorem).

2. Consider the system
& = —y + az(z® + %),

g =z +ay(z® +y?),

where a is a parameter.

(a) Show that the linearized system incorrectly predicts that the origin is a center
for all values of a.

(b) Discuss the property of the origin( stable or unstable) in the cases a = 0,a < 0
and a > 0.

3. Consider a regular Sturm-Liouville system

()W) + Mo(z) — g(z)lu =0, a <z <b,
au(a) + o'v'(a) =0,
Bu(b) + B'u'(b) =

where ) is a parameter, while p, p and ¢ are real-valued functions of z; the functions
p and p are positive; «, o/, 3,3’ are given real numbers such that a2 + (/)2 # 0
and 8% + (8')* # 0.

Eigenfunctions of this system having different eigenvalues are orthogonal with
weight function p. Let u and v be eigenfunctions with respect to distinct eigenvalues
A and . Show that

( ) (A — ﬂ f P (z)u(z)v(z)dz = p(@)[u(z)v’ (z) — v(z)v' (@)]5,
f p(z v(z)dz = 0.




[image: image2.png]4.(a) Let u € C%(Q) N C°(Q) and let Au > 0 in Q(Q is a bounded, open and
connected set in R™). Show that

maxu = maxu.
o EX)

(b) Show that the solution v € C?(Q) N C°(Q) of the Dirichlet problem
Au = fin €,

ulan = g,

( f and g are given continuous functions) is unique.

5. Consider the following one dimensional wave equation:
2
Ugg — C Uzg = 0,

u(x70) = f(x)aut(wa O) = g(CC),

where c is a given positive constant,f € C? and g € C* are functions.
Find a solution (a representation formula of the solution)of this initial value
problem.
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