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PhD Qualifying Exam: Algebra, September 2007

Work out all of the problems and show details of your works.

. Let G be a finite group actingon aset S. Let s € S be fixed and denote Gy = {g € G |

g-s = s}, the isotropy group of s. Show that the order of the orbit Gs = {g's | g € G}
is equal to the index [G : Gy] of the subgroup Gy in G.

. Let G be a group of order p? where p is a prime number. Suppose that G is not abelian.

(a) Show that the center of G has order p.

(b) Let Z be the center of G. Show that G/ Z is isomorphic to the direct sum Z, X Z ,
where Z,, is the cyclic group of order p.

. Let Rbearingand I anidealin R. Let[R: Il = {r € R | xr € I forall x € R}.

Show that [R : I] is a two-sided ideal of R containing I.

(@) Let R aringand @ € R. Let I be the ideal generated by a. What is a typical

element in I?

(b) Show that in Q[x], every ideal is generated by a single element.

. Let D be a principal ideal domain. Show that I is nonzero prime ideal in D if and only

if it is a maximal ideal.

. Let F be a finite field. Show that the order of F is a power of a prime.

. Let F be an extension field of the field K. Show that

(@) If[F : K] is prime, then there are no intermediate fields between F and K.

(b) Ifu € F has degree n over K, then n divides [F : K].

. Let R = Z[i], a subring of the complex number field C. Let M be an abelian group.

Prove that M is an R-module if and only if there is exists a homomorphism ¢ : M —
M such that p?(x) = —x forall x € M.
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