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1. (10 points) Suppose p is a prime number and G is a group which has more than p — 1

elements of order p. Prove that G is not a cyclic group.

2. (15 points) Suppose G is a finite group and H is a subgroup of G of index 2 and the
order of H is odd. Prove that for an arbitrary ordering g1, g2, - -, gn of the elements of G,

the product g192 - - - gn is not an element of H.

3. (15 points) (a) Prove that if every non-identity element of G has order 2, then G is an

abelian group.
(b) If G has order 6, then G = Zg or G = Ds.

(c) Suppose G has order 30 and Z(G) has order 5. Determine the structure of G/Z(QG).

4. (10 points) Find all abelian groups (up to isomorphism) of order 360.

5. (10 points) Prove that if p is an odd prime, then 2P~1 — 2P=2 4 2P=3 — ... —z 4+ 1 is
irreducible over- ).

6. (10 points) Prove that in Z[v/5], 1 + /5 is irreducible but not a prime.

7. (10 points) Find the minimal polynomial for /=3 - /2 over Q.

8. (10 points) Prove that if f(z) € Z[z] is reducible over @, then it is reducible over Z.

9. (10 points) Prove that if p is a prime and G is a group of order p?, then G is abelian.




