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. (15pt) Let G be a group and H, K be subgroups of G. Suppose that G = HUK.
Prove that either H=G or K =G.

(3]

. (15pt) Let G be a group of order 30. Prove that G contains an element a of
order 15 and the subgroup generated by a is a normal subgroup of G.
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. (15pt) Let f(X) be a monic integer polynomial(ie. f(X) € Z[X] and the
leading coefficient of £(X) is 1). Suppose that & € Q is a root of f(X). Prove
that o € Z.
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. (15pt) Let R be a finite integral domain. Prove that R is a field.
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. (25pt) Let K C F C F be fields. Prove or disprove:

(a) If F is algebraic over F and F' is algebraic over K, then FE is algebraic
over K.

(b) If E is algebraic over K, then E is algebraic over F' and F is algebraic
over K.

(c) If E is normal over F' and F is normal over K, then E is normal over K.
(d) If E is normal over K, then FE is normal over F' and F is normal over K.

6. (15pt) Let F(X) = X* — 1 and g(X) = (X® — 1)(X" — 1). Find the Galois
groups of f(X) and g(X) over Q.




