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National Sun Yat—Sen University
Ph. D. Qualifying Examination
Algebra

(February, 2003)

. Show that if p is a prime integer then p is a divisor of (p — 2)! - 1. (10pt)

Let G be a group of order 203. Prove that if H is a normal subgroup of order
7 in G then H is contained in the center of G. Deduce that G is abelian in
this case. (15pt)

. Let R be a simple ring and n a positive integer. Prove that M,,(R), the ring

of n by n matrices over R, is still a simple ring. (15pt)

Let R be a ring with an identity element 1. Suppose that I and J are ideals
of R such that I +J = R. Prove that R/INJ = R/I® R/J. (15pt)

Prove or disprove that Z[X], the polynomial ring over Z, is a principal ideal
domain. (15pt)

Suppose that F = Q(B1, Bz, . .-, Bs) where B € Q for all i. Prove that
¥2¢ F. (15pt)

Let f(X) = (X? —2)(X? - 3) € Q[X]. Find the Galois group of f(X) over
Q. (15pt)

Notation. 1) Q: the field of rational numbers. 2) Z: the ring of integers.




