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Try all the problems below. Show the details.
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. (15pt) Find the number of automorphisms of (Zygs , +).

. (15pt) Let G be a group of order p?, where p is a prime number. Prove that
(i) G is abelian.
(i) either G = Zy or G = Zy, ® Zy,.

. (15pt) Let G be an abelian group and a,b € G. Denote the order of z € G by
o(z). Suppose that o{a) = m and o(b) = n. Prove or disprove

(i) ab is finite order.
(i) If ged(m,n) = 1, then o(ab) = mn.

(15pt) Prove that the polynomial ring C[X] is a principal ideal domain. What
about the power series ring C{{X]]?

. (10pt) Let R be a Boolean ring (i.e. R is a ring in which #? = z for all z € R).
Prove that R must be commutative.

(15pt) Prove that the set Q[¥/2] = {a+b¥/2+cV/4| a,b,¢c € Q} forms a field
and find the inverse of —2 + ¥/2 + ¥/4.

(15pt) Let f(X) = X*—2. Prove that f(X) is irreducible over Q and find the
Galois group of f(X) over Q.




