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Problem 1. Prove that every subgroup of a cyclic group is eyclic. (10 %)

Problem 2. Let G be a group, and let H be a cyclic subgroup of G. If H is normal
in G, prove that every subgroup of H is normal in G. (10 %)

Problem 3. Let f: G — H be a group homomorphism, and let N = ker(f). If
K is a subgroup of G, prove that f~1(f(K)) = NK. (10 %)

Problem 4. Let G be a non-trivial finite group, let p be a prime integer, and let
P be a p-Sylow subgroup of G. If H is a normal subgroup of G containing P, and
if P is norma!l in H, prove that P is normal in G. (10 %)

Problem 5. Let &, F and K be three fields with K ¢ EC F, and let o € F.
(i) ¥ « is algebraic over K of odd degree, prove that K(a) = K(a?). (10 %)

(i) If « is separable over K, prove that o is separable over E. (10 %)

Problem 6. Let ¢ = /-1, and let Q be the field of rational numbers. Is the field
Q((1 +4)¥/5) normal over Q 7 Prove your answer. (10 %)

Problem 7. Let R be a commutative ring with identity.
(i) I Iis an ideal of R, prove that
VI={reR:7" €I for some integer n > 0}

is an ideal of R. (10 %)

(i) If P is a prime ideal of R, and if R/P is a finite set, prove that P is a maximal
ideal. (10 %)

(iii) If n > 0 is an integer, and if M is a maximal ideal of R, prove that R/M™
has a unique prime ideal. (10 %)




