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1. [10%] Let Mn×n be the space of all n × n real matrices and A a matrix in
Mn×n. Define the set S = {X ∈ Mn×n : AX = O}, where O is the n × n
zero matrix. Determine whether S is a subspace inMn×n or not, and justify
your answer.

2. [15%] Let

A =

−1 −11 0
0 1

 and b =

12
3

 .

Find the minimum value of the length |Av−b|, where v can be any vector in
R2.

3. [15%] Let

A =


1 0 −2 1 −1
3 1 −2 1 0
−14 −5 8 −4 0
73 25 −46 23 −2


and V the space spanned by the columns of A. Find a basis of V .

4. [20%] Let f be a linear map. Show that f is injective if and only if the kernel
of f is {0}.

5. [20%] Let A be an n × n matrix. Let Ai be the (n − 1) × (n − 1) matrix
obtained from A by removing the i-th row and the i-th column. Show that

d

dx
det(A+ xIn) =

n∑
i=1

det(Ai + xIn−1),

where Ik is the k × k identity matrix.

6. [20%] Suppose a0 = 1, b0 = 0 and an, bn follow the recurrence relation

an+1 = an + 2bn

bn+1 = 2an + bn

for any n > 0. Solve the general forms of an and bn.


