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1. (9%) Determine whether the function

o= [
2 V1+ t4
has an inverse on R. If it does, find (f~1)'(0). Yes; /17

f#%-: Since f is differentiable and f'(z) = 1/v/1+ 2* > 0 on R, f is strictly increasing
on R [3%]. Thus, f has an inverse on R [1%]. Using the formula

—1y/ — 1 o
U@ = e
and the value f~1(0) = 2 [1%], we have
O
(f7)(0) = o V1T, (1% 0)
2. (8%) Find the integral s In(1+3%)+C

33;10
/1+3%dx

f#%-: Using the derivative -£3% = (31n3)3% [1%] yields

33@ 1
= In(1+ 3% . 4
[ do= gz +3) +C (4%))

Alternative answer: Let u = 1+ 3% [2%]. Then du = (31n 3)3%* dz [2%)]. Hence
the method of substitution gives

g3 1 fdu 1 1
4y — du _ Iy — (14 3%+ O (4% O
/1+33w =313/ %~ 3m3 MU= g U3+ 0 (A )

3. (8%) Find the limit Ve
1\
li 1+ — :
nl—g)lo < T Qn)

e = lim (1 + l) . [2%]
n

&% Using the fact

n—o0
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one has

1 n 1 2n 1/2 1 2n 1/2
lim (1+— ) = lim 1+ — = lim (14 — =+ve. [2%]
n—00 n n—o0 n n—o0 n

On the other hand, the limits lim, ,(1 +1/(2n)) = 1 and lim, . 1/n =0
yield

n—o0o on

1\ #
lim (1 + —) =1"=1 [2%]

Consequently, we arrive at

1\ 1\" 1\ "
lim (14— = | lim (1+—) |-[lim (1+=) | =vel=ve [2%]

Alternative answer: Note first that we have

(14 2) " me[ (e (1 £)] b

Then the L’Hopital rule shows that

. 1 o (l+g) . .
Ji et (1 g, ) = Jim P < i P i

On the other hand,

Consequently, we have

1 1 1
li +—ln{l4+— ) == 19
xlm <x x) n< 2x> 5’ [ /o]

which gives the desired limit e'/2t0 = /2 [1%]. O

In(cos(bx)

=

4. (5%) Find the limit lir% Wleos(az)) v here a, b are constant. o
T—>

s [ mik—]

In(cos(ax))

lim O\,
250 In(cos(bx)) 250 ——(cos(bx))’

— I
) cos(azx)

- alclg(lJ —asin(ax) - (—bsin(bx)) + cos(ax) - (—b? cos(bx))
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_ 0+l (za)
0+ 1 (—0?)
2
a
T (1%)
[ #x=)
z—0 IH(COS(bx)) - 2—0 —Cilsrzlgla)ca)c) b % A 0
. atan(ax) o
— atantat) | P 28 o
2% btan(bz) (P18 AL A1) (2%)
. a’sec*(ax)
= 2 P sec?(ba)
a1
TRl
a2
T 1% 0O)

5. (a) (5%) Use implicit differentiation to find an equation arcsin x+arcsiny = 7 of the

tangent line to the graph of the equation at the point (“/75, \/7§> y=—x+2

(b) (1%) Sketch the region whose area is represented by

1
/ arcsin x dz.
0

(¢) (4%) Find the exact area of (b) analytically. 7—1
R
(a)
1 1
+ ] 1%
i i (1%)
1,
= 1%
—p V-2 (1%)
At (\/757 */75) y' = —1. (1%) Tangent line: y—‘g =-1 (x - 72>, y=—1+V2.
(2%)
(b)
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Shaded area is given by fol arcsinz dx. (1%0

(c) [M&—1
1 ) N
arcsinz do = zarcsin x|, — —dx 2%
/ -] = (2%)
=arcsinl — 1 (1%)
- g 1 (1%)
[ @i =] Divide the rectangle into two regions.
: T T
Area rectangle = (base)(height) = 1 (§> =3 (1%)
1 /2 T
Area rectangle = / arcsin z dz + / sinydy = B (2%)
o 0
— / arcsin x dz + [— cos y]g/2
o
= / arcsinz dx + 1 (1%)
0
So,
! T
/ arcsinz dz = 5 1, (=0.5708). (1% O)
0

6. (a) (5%) The horizontal line y = c intersects the curve y = 2z — 3z% in the first

quadrant as shown in the figure. Find ¢ so that the areas of the two shaded

: 4
regions are equal. 5
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L.

(b) (5%) Find the volume of solid generated by revolving the curve y = e *sinz, x >

0, about the x-axis.

ﬁﬂ

L

(a) You want to find ¢ such that:

/Ob[(Qx —37%) —dr =0

b
[azz—%af*—cx} =0

4 0
bQ—Zb‘*—cb:O

But, ¢ = 2b — 3b% because (b, ¢) is on the graph

3
b2—1b4—(26—3b3)b:0
4-30 -8+ 120 =0

90 =4

2

b==

3

4

c= —.

9
1 -_1'=Ir—.’-.r'1-
\\"-,( ]

/\[Fz.c)

V:/ W(e_xsinx)2 dx
0

(1%)

(1%)

(1%)

(1%)
(1%)

(1%)
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o0
:7'('/ e **(sinz)? dw
0

=7 { (—%e‘zx(sin a;)2)

7T o0
= — / e 2% ¢in 2x dx
0

[e.9]

1 [e.e]
t3 / e” % sin 27 dx] (1%)
0

0

2
A b3t
T e 2z - ™ 1 —2x > > —2x
— e “sin2xdx = — ——e “*cos2x - e “*cos2xdx
2 /4 2 2 .o
1 1 Oo o
_T — — —e %gin2x — / e 2% gin 2x dx
2 2 2 0 0
= % — g/o e~ ** sin 2x dx (1%)
~ —2x _: T
=7 e “sin2rdr = — (1%)
0 4
BT VA
o0 1
V:g/0 e’%sin2xdx:gx1:g 1% O

7. (9%) Verifying a Formula

(a) (2%) Given a circular sector with radius L and central angle 0, show that the
area of the sector is given by S = $L%0.

(b) (3%) By joining the straight-line edges of the sector in part (a), a right circular
cone is formed and the lateral surface area of the cone is the same as the area
of the sector. Show that the area is S = wrL, where r is the radius of the base
of the cone.

(c) (4%) Use the result of part (b) to verify that the formula for the lateral surface
area of the frustum of a cone with slant height L and radii r; and ro is S =
7(ry +7g)L.

(a) Area of circle with radius L : A = 7L? (1%). Area of sector with central angle
0 (in radians): S =LA = £ (7L?) = 11?0 (1%).

(b) Let s be the arc length of the sctor, which is the circumference of the base of
the cone. Here s = L0 = 277 (1%). Therefore, S = 1120 = 11* (%) = 1Ls =
TL (27r) = 7rL (2%).

(c) The lateral surface area of the frustum is the difference of the large cone and
the small one. S = wro(L+ Ly) — wriLy = mwrol + 7w (ro — ) Ly (1%). By
similar triangles, Lj—QLl = ’;f—ll = rL = (ro—mr1) L1 (2%). So, S = mroL +
w(ro —r) Ly = mrol+ 7 L =7 (ry +1r2) L (1%). O

8. (8%) Verifying a Reduction Formula by using integration by parts

Ron Larson and Bruce H. Edwards (2018). Calculus, Eleventh Edition. 6
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n—1

a) (4%) [cos™ xdy = s —xsine 4 n=l [o4gn=2 4 q .
(a) ( o o

(b) (4%) [sec"zdx = sec” Ptans | 222 [sec"? xdu.

n—1
R
(a) dv=cosz dv = v=sinz. u=cos" 'z = du=—(n—1)cos" 2zsinz dz. (2%)

[ cos" xdx = cos" T asinz + (n— 1) [cos" 2 xsin’zdr = cos" txsinz + (n —
1) [cos" 22 (1 — cos?x) do = cos" ' wsina+(n—1) [ cos"? z dz—(n—1) [ cos" z dz.
Therefore, n [ cos™ zdx = cos" 'zsinz + (n — 1) [cos" ?xdx, [cos"zdr =

n—1

cos"lasing 4 ”7*1 [ cos" 2z dx. (2%)

n
(b) Let u = sec"?x, du = (n — 2)secxtanx, dv = sec’z dz, v = tanz. (2%)
[sec"xdr = sec" ?xtanz — [(n — 2)sec" ?wtan’x = sec" 2xtanz — (n —
2) [sec" 2z (sec?x — 1) =sec" ?xtanz — (n — 2) [[sec” xdx — [ sec" %z dz]
(n—1) [ sec” z dx = sec" 2z tan z+(n—2) [sec” 2z dx. [sec” xdy = s “atans 4

n—1

12 [sec" 2w dwx. (2%) O

9. (8%) Prove the following versions of Wallis’s Formulas
(a) (4%) If n is odd (n > 3), then fo cos"zdr = (2) (3) (8) - (=1).
(b) (4%) If n is even (n > 2), then fo cos"zdz = (3) (3) (2)---

i

D

n

/2 n cos" lgsinz /2 n—1 [7/2 n—2 n— cos" 3 xsinz /2 n—3 [7/2 T
(a) f cos"xdxr = | &=ZLSnL + = COS rdr = 2= e — + — f COS
0 0 n J0 0

/2
_n—1 n=-3 cos" P sinz n—5 [7/2 n—6 _ n—1 n-3 n=5 [7/2 n
T n n-2 ([ n—4 i|0 + n—4 JO Cos rdr | = n n—2 n—4 fO COs zdr
_ n—1 n— n— /2 |:n71 n—3 n— ]”/2 __n—1 n-3
== o= B o cosxdx e R sin ) . =55

4 2 4

10. (a) (7%) Evaluate the definite integral / AR 1 2(vV3-1%)
2 x
9 1 0
(b) (7%) Evaluate the definite integral /0 TioT dz. 3
o -1
(c) (11%) Evaluate the improper integral /1 T ;3 g dz. T —In(2)
fiR

(a) (7%) Let x =2sec, 0 <0 <, 0 # 5. Then dz = 2secftan6do,
r=2=0=0,andz=4=0=73

/ ﬁdx_/wtane

5200 (2sec tan 6 d6) (3%)
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5 5
= 2/ tan® 0 df = 2/ (sec’ —1)d6 (1%)
0

0

= 2(tan 6 — 9)§ (1%)

T T
= 2[ <tan 3~ §> — (tan0 — 0)] (1%)

7r
zz(f—g) (1%)
77/ =@} (%)
0 \/— 2 0
Because the integrand has an infinite discontinuous at x = 1, then
/—1 d /1—1 d +/9—1 d (1%)
xr = x x
0 \3/.]3—1 0 \3/33'—1 1 \3/.1'—1 ’
o | 3 2 3
dr = 1i do=lim S{(t-ni-1}=-5
A R s S U ;)
1 . S| .3 2
et A LS E k) B
| 3 9
en/o e =S +6=> (%)
(c) (11%)
x—1 B r—1 _A+ B +C$—|—D (1%)
a3+t wz+1)(224+1) 2z x+1 0 2241 ’
—1 1 1

=—+ + (3%)

x z+1 2241

/°° z—1 d
x
1 Tt ad+ a4

t J—
~ lim (—1+ L1 )d:r (1%)
1

t—oo r x+1 22+1
: 7T
= tlg?o {ln (‘— ) + arctan(t) — In(2) — Z} (3%)
m T ow
=0+ —-—In(2)— —=——1In(2 3% U
F T om - T =T ) (3% )
~EH T~
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