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E×�^�ó X�b`&Æº�á¼¸Ý×ÍÐó Y = g(X) Ý�
�Y-Ì
 X

��ó�ð(change of variable)�Y )
×�^�ó�;ð X Ý5µá¼��. Y Ý

ÂÎã X ÝÂXX��Æ Y Ý5µ��ãX�� X Ý5µ¼X��

EN×@óÝ�/) A,

P (Y ∈ A) = P (g(X) ∈ A) = P (X ∈ g−1(A))� (1)

3h

g−1(A)) = {x|x ∈ R, g(x) ∈ A}�

Ey±Ý�^�ó Y�ã(1)P�kO Y a3Ø×/) A �^£�)�/Õny X Ý

^£�¬u&ÆO� YÝ5µÐó�	Qµ�|�à§º X Ý�

u X 
Ò÷lÝ�^�ó�J Y = g(X) Ý^£Û�Ðó�©�º�ã X � Y Ý

�ðÎÍ
 1− 1(��y g ÎÍ
�}��Ðó)�J¢ã(1)P�;ð��"2ÿÕ�

9ì��ËÍ�ó�ðÝ�§�

���§§§ 1. '�^�ó X �5µÐó
 FX�^£Û�Ðó
 fX�� Y = g(X), Y �5

µÐó| FY ���ê�

Ω1 = {x|fX(x) > 0}, (2)

Ω2 = {y|D3x ∈ Ω1,¸ÿy = g(x)}� (3)

(i) u g 3 Ω1 
�}�¦Ðó�J FY (y) = FX(g−1(y)), ∀y ∈ Ω2;

(ii) u g 3 Ω1 
�}�3Ðó� J FY (y) = 1− FX(g−1(y)−), ∀y ∈ Ω2�
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���§§§ 2. '�^�ó X �p.d.f.
 fX�� Y = g(X)�Í� g 
×�}��Ðó�Ω1 C

Ω2 5½�L3(2)C(3)P�� ' fX 3 Ω1 =��v g−1 3 Ω2 b×=�Ý0ó�J Y

�p.d.f.


fY (y) = fX(g−1(y))

∣∣∣∣ d

dy
g−1(y)

∣∣∣∣ , y ∈ Ω2, (4)

v fY (y) = 0, y 6∈ Ω2�

b`&ÆºE X, Y ÝÞÐó, A

U = g1(X, Y ), (5)

V = g2(X, Y ), (6)

b·¶�A�� A = {(x, y)|f(x, y) > 0}�Í� f(x, y) 
 X, Y �Ð)p.d.f., B =

{(u, v)|u = g1(x, y), v = g2(x, y), (x, y) ∈ A}� J (U, V ) -Îã A Ì� B �×�ó�

ð� b`ô��©E×ÍÐó W = g(X, Y ) b·¶�9ËË�µKòyËÍ�óÝ�

ó�ð�

'ã (X, Y ) Bã(5)C(6)P�ð� (U, V )� uã(5)C(6)P���°×Ý X =

h1(U, V ), Y = h2(U, V ), J&Æ1ã (X, Y ) � (U, V ) Ý�ð�
 1− 1�h`b

u = g1(x, y), v = g2(x, y) ⇔ x = h1(u, v), y = h2(u, v)� (7)

»A�'

U = X + Y, V = X − Y,

J

X =
1

2
(U + V ) = h1(U, V ), Y =

1

2
(U − V ) = h2(U, V )�

Æ (X, Y ) � (U, V ) 
 1− 1 �ð�¨²�' X, Y
ÞÑÝ�^�ó�v�

U = XY, V = X/Y,

J

X = (UV )1/2 = h1(U, V ), Y = (U/V )1/2 = h2(U, V ),
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.h (X, Y ) � (U, V ) )
1− 1�ð�

u (X, Y ) 
Ò÷lÝ�^'��| f(x, y) 
Ð)p.d.f.� Jã(7)P, (U, V ) �Ð

)p.d.f.


fU,V (u, v) = f(h1(u, v), h2(u, v))� (8)

h.

fU,V (u, v) = P (g1(X, Y ) = u, g2(X,Y ) = v)

= P (X = h1(u, v), Y = h2(u, v))

= f(h1(u, v), h2(u, v))�

u (X,Y ) 
=�lÝ�^'��)| f(x, y) 
ÍÐ)p.d.f., J (U, V ) �Ð

)p.d.f.��A��óÝ�µÿÕ�Ç

fU,V (u, v) = |J(u, v)|f(h1(u, v), h2(u, v)), (9)

Í�

J(u, v) =

∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂v

∣∣∣∣∣∣ =
∂x

∂u

∂y

∂v
− ∂y

∂u

∂x

∂v
, (10)

�

∂x

∂u
=

∂h1(u, v)

∂u
,

∂x

∂v
=

∂h1(u, v)

∂v
,

∂y

∂u
=

∂h2(u, v)

∂u
,

∂y

∂v
=

∂h2(u, v)

∂v
�

J Ì
�ð x = h1(u, v), y = h2(u, v) �---���üüü(Jacobian)�

»»» 1. ' Xb N (0, σ2)5µ��O Y = |X|�5µC E(Y )�

���.

FY (y) = P (Y ≤ y) = P (|X| ≤ y) = P (−y ≤ X ≤ y)

= P (X ≤ y)− P (X ≤ −y) = FX(y)− FX(−y)
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fY (y) =
d

dy
FY (y) = fX(y) + fX(−y)

=
2√
2πσ

exp{− y2

2σ2
}, y > 0

E(Y ) =

∫ ∞

0

yfY (y)dy =

∫ ∞

0

2y√
2πσ

exp{− y2

2σ2
}dy let u = y2 ⇒ du = 2ydy

=

∫ ∞

0

1√
2πσ

exp{− u

2σ2
}du = − 2σ√

2π
exp{− u

2σ2
}|∞0

=
2σ√
2π

=

√
2σ2

π

»»» 2. 'XbN (µ, σ2)5µ,� Y = eX��OY�5µh5µÇEóðV5µ(lognormal

distribution)�

���.

Y = eX ⇒ x = log y ⇒ dx

dy
=

1

y

fY (y) = fX(log y)|dx

dy
| = 1√

2πσy
exp{−(log y − µ)2

2σ2
}, y > 0

»»» 3. ' X1, X2, X3 
 i.i.d. � U(0, 1) r.v.’s��O Z = X1 + X2 + X3� p.d.f., ¬O

P (Z ≤ 2)�

���. X1, X2
i.i.d.∼ U(0, 1) Y1 = X1 + X2

Y2 = X1

⇔

 X1 = Y2

X2 = Y1 − Y2

and J =

∣∣∣∣∣∣ 0 1

1 −1

∣∣∣∣∣∣ = −1

fY1,Y2(y1, y2) = fX1(y2)fX2(y1 − y2) = 1, 0 < y2 < 1, 0 < y1 − y2 < 1.

fY1(y1) =


∫ y1

0
fX1(y2)fX2(y1 − y2)dy2 , 0 ≤ y1 < 1∫ 1

y1−1
fX1(y2)fX2(y1 − y2)dy2 , 1 ≤ y1 < 2

=

 y1 , 0 ≤ y1 < 1

2− y1 , 1 ≤ y1 < 2

It can be derived that the p.d.f. of Y = X1 + X2 is

fY (y) =

 y , 0 ≤ y < 1

2− y , 1 ≤ y < 2
⇒ FY (y) =

 1
2
y2 , 0 ≤ y < 1

2y − 1
2
y2 − 1 , 1 ≤ y < 2

Z = X1 + X2 + X3 = Y + X3
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fZ(z) =


∫ z

0
ydy , 0 < z < 1∫ 1

z−1
y · 1dy +

∫ z

1
(2− y) · 1dy , 1 < z < 2∫ 2

z−1
(2− y) · 1dy , 2 < z < 3

=


1
2
z2 , 0 < z < 1

3z − z2 − 3
2

, 1 < z < 2

1
2
z2 − 3z + 9

2
, 2 < z < 3

P (Z ≤ z) = P (X1 + X2 + X3 ≤ z) =
∫ 1

0
P (X1 + X2 ≤ z − x)dx =

∫ 1

0
FY (z − x)dx

Case (i) 0 ≤ z < 1

P (Z ≤ z) =
∫ z

0
1
2
(z − x)2 dx = 1

6
z3

Case (ii) 1 ≤ z < 2

P (Z ≤ z) =
∫ z−1

0

(
2 (z − x)− 1

2
(z − x)2 − 1

)
dx +

∫ 1

z−1
1
2
(z − x)2 dx = 3

2
z2 − 3

2
z −

1
3
z3 + 1

2

Case (iii) 2 ≤ z < 3

P (Z ≤ z) =
∫ z−2

0
1dx +

∫ 1

z−2

(
2 (z − x)− 1

2
(z − x)2 − 1

)
dx = 9

2
z − 3

2
z2 + 1

6
z3 − 7

2

∴ P (Z ≤ 2) = 9− 6 + 8
6
− 7

2
= 18+8−21

6
= 5
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»»» 4. ' U, V
Þ}ñÝ r.v.’s, v Ub Rayleigh5µ, p.d.f.


fU(u) =

 σ−2ue−u2/2σ2
, u ≥ 0,

0 , u < 0,

Vb U(−π, π)5µ��J X = UcosVC Y = UsinV
Þ}ñÝ r.v.’s, v/b

N (0, σ2)Ý5µ�

���.  x = u cos v

y = u sin v
⇒

 u =
√

x2 + y2

x2 = tan−1 y
x

and

J =

∣∣∣∣∣∣
x√

x2+y2

y√
x2+y2

−y
x2+y2

x
x2+y2

∣∣∣∣∣∣ =
1√

x2 + y2

fU,V (u, v) =
1

2πσ2
u exp{− u2

2σ2
}, u ≥ 0,−π < v < π
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fX,Y (x, y) = fU,V (
√

x2 + y2, tan−1 y

x
)|J |

=
1

2πσ2
exp{−x2 + y2

2σ2
},−∞ < x, y < ∞

fX(x) =

∫ ∞

−∞
fX,Y (x, y)dy =

∫ ∞

−∞

1

2πσ2
exp{−x2 + y2

2σ2
}dy

=

∫ ∞

−∞

1√
2πσ

exp{− x2

2σ2
} 1√

2πσ
exp{− y2

2σ2
}dy

=
1√
2πσ

exp{− x2

2σ2
},−∞ < x < ∞

Similarly,

fY (y) =
1√
2πσ

exp{− y2

2σ2
},−∞ < y < ∞

¢¢¢���£££]]]
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