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'X, Y
ÞÒ÷lÝr.v’s, JE��R�×�óÝ�/B, ©�P (X = x) > 0, J�

�X = x, Y�f�^£


P (Y ∈ B|X = x) =
∑
y∈B

P (Y = y|X = x) =
∑
y∈B

h(y|x), (1)

Í�h(y|x)
��X = x, Y�f�p.d.f.�uX, Y
=�lÝr.v.’s, .P (X = x) =

0,∀x ∈ R, Æh`��X = x, Y ∈ B�f�^£Í¼Î^b�LÝ�¬A!(1)P, ©

�g(x) > 0, Í�g
X�p.d.f., E∀B ⊂ R, &Æ�L

P (Y ∈ B|X = x) =

∫
B

h(y|x)dy, (2)

©�îP���5D3��f��TÂ��LJAìX��'bX, YÞr.v.’s, ω


×BorelÐó, �Z = ω(X, Y )��'X, Y
ÞÒ÷l�r.v.’s, |f
ÍÐ)p.d.f., v

�g, h5½�XCY�\jp.d.f’s�ê�D = {x|x ∈ R, g(x) > 0}, K = {y|y ∈ R, h(x) >

0}�E∀x ∈ D, �L��X = x, Z�f��TÂ


E(Z|X = x) =
∑
y∈K

ω(x, y)h(y|x), (3)

©���õ�E[e�h�h(y|x)���X = x, Y�f�p.d.f.�uX,Y
=�l, J

E∀x ∈ D, �L��X = x, Z�f��TÂ


E(Z|X = x) =

∫ ∞

−∞
ω(x, y)h(y|x)dy, (4)

©����5�E[e�h�h(y|x)ù
��X = x, Y�f�p.d.f.�9ì&Æ��¿Í
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»1. '��X = x, YbN (x, τ 2)5µ, êXbN (µ, σ2)5µ��JYbN (µ, σ2 + τ 2)5

µ�

����Y |X = x ∼ N (x, τ 2), X ∼ N (µ, σ2),

fX,Y (x, y) = fY |X(y|x)fX(x)

=
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2πτ

e−
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2τ2
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=
1

2πτσ
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2τ2σ2

JYÝ5µ


fY (y) =

∫ ∞

−∞
fX,Y (x, y)dx

=

∫ ∞

−∞

1

2πτσ
e−
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2τ2σ2 dx

=
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1
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e

σ2+τ2
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e
− 1
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2 σ2τ2

σ2+τ2

[x−σ2y+τ2µ
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=
1√

2π
√

(σ2 + τ 2)
e
− 1

σ2+τ2 (y−µ)2

ÆY ∼ N (µ, σ2 + τ 2)�

»2. 'XbU(0, 1)5µ, v��X = x, 0 < x < 1, YbGe(x)5µ��OP (X > 1
2
|Y =

y), y = 0, 1, · · ·�

����Y |X = x ∼ Ge(x), X ∼ U(0, 1),

fX,Y (x, y) = fY |X(y|x)fX(x) = x(1− x)y−1

.h

fY (y) =

∫ 1

0

x(1− x)y−1dx =
1

y2 + y

J

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
= x(1− x)y−1(y2 + y),
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Æ

P (X >
1

2
|Y = y) =

∫ 1

1/2

fX,Y (x, y)

fY (y)
= x(1− x)y−1(y2 + y) (�z = 1− x)

=

∫ 1/2

0

(1− z)zy−1(y2 + y)dz

= (y2 + y)(
1

y
zy − 1

y + 1
zy+1)|1/2

0

=
2 + y

2y+1

»3. 'X, Y�Ð)p.d.f.
f(x, y) = k(k− 1)(y− x)k−2, 0 < x ≤ y < 1, k ≥ 2
×Jó�

(i) �OE(X|Y );

(ii) �¿à(i)OE(E(X|Y ))�

����X, Y ∼ f(x, y) = k(k − 1)(y − x)k−2, 0 < x ≤ y < 1, k ≥ 2, J

fY (y) =

∫ y

0

f(x, y)dx =

∫ y

0

k(k − 1)(y − x)k−2dx = kyk−1

fX|Y (x|y) =
f(x, y)

fY (y)
= (k − 1)

1

y
(1− x

y
)k−2

(i)

E(X|Y ) =

∫ y

0

xfX|Y (x|y)dx =

∫ y

0

k − 1

yk−1
x(y − x)k−2dx =

y

k

(ii)

E(E(X|Y )) = E(
Y

k
) =

∫ 1

0

y

k
fY (y)dy =

∫ 1

0

y

k
kyk−1dy =

1

1 + k

»4. 'X, Y�Ð)p.d.f.
f(x, y) = x + y, 0 < x, y < 1��O

(i) E(X|Y = y);

(ii) E(XeY +Y −1 |Y = y)�

����X, Y ∼ f(x, y) = x + y, 0 < x, y < 1, J

fY (y) =

∫ 1

0

(x + y)dx =
1

2
+ y,
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fX|Y (x|y) =
f(x, y)

fY (y)
=

x + y
1
2

+ y
=

2x + 2y

1 + 2y
.

(i)

E(X|Y = y) =

∫ 1

0

x
2x + 2y

1 + 2y
dx =

2

1 + 2y

∫ 1

0

(x2 + xy)dx =
2 + 3y

3(1 + 2y)

(ii)

E(XeY +Y −1|Y = y) = ey+y−1

E(X|Y = y) =
ey+y−1

(2 + 3y)

3(1 + 2y)
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