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1. [15%] Let
cosf  sinfl 0
A= | —sinfl cosf 0
0 0 a

where a, € R.
(1) Find A”, n € N.
(2) Show that A is invertible if and only if @ # 0. Find A", n € Z, if A is
invertible.

2. [15%] Find the Jordan canonical form of the matrix

4 5 =2
-2 -2 1
-1 -1 1

3. [15%] Let V be a vector space, and let T : V' — V' be a linear transformation satisfying
T™ = I, the identity transformation, for some n € N. Find the range and kernel of 7.

4. [15%] Let A, B, and A + B be invertible n x n matrices. Show that A~! + B! is
invertible. Find the inverse of A=' + B~! (in terms of A, B, A+ B and their inverses).

5. [20%] Let V be a finite-dimensional vector space, and let 7 : V' — V be a linear
transformation. Show that one and exactly one of the following situations (1) and (2)
0Ccers:

(1) T(v) = 0 for some non-zero vector v € V;
(2) T(z) = u has a solution = in V for every u € V.
6. [20%] Let V be a vector space with dim V' = n. Suppose that T: V' — V is a linear

transformation and » € V satisfying A" 'v # 0 and A™v = 0. Show that A admits the
matrix representation

with respect to some basis of V.




